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A simple procedure has been developed for evaluating the equivalent isothermal 
temperature for nonisothermal reactors. Reaction-rate constants determined from a 
kinetic study are averaged by a simplified integration method; the average rate 
constant defines the equivalent isothermal temperature. Use of this equivalent 
temperature permits direct comparison of experiments carried out in reactors having 
widely different temperature profiles. 

Temperature so strongly in- 
fluences the rate of chemical re- 
action that in any reaction study 
temperature must be accurately 
known. Ideally such studies are  
carried out in  isothermal systems 
where the reaction temperature is 
known without question. When the 
reaction absorbs or evolves much 
heat, however, isothermal opera- 
tion a t  practical conversion levels 
is almost impossible. Different 
parts of the reacting system are  
at widely different temperatures, 
and determining average reaction 
temperature becomes a real prob- 
lem. 

Endothermic reactions, for  ex- 
ample, are  often carried out com- 
mercially in a number of adiabatic 
reactors in series. A large varia- 
tion in temperature exists in each 
reactor. Figure 1 shows a tempera- 
ture profile typical of such a sys- 
tem. Pilot-plant studies attempt to 
duplicate the commercial operation 
and therefore operate with the 
same type of temperature profile. 
In smaller scale reactors it is ex- 
tremely difficult to carry out re- 
actions with large heat effects 
either adiabatically or isothermally. 
Small-scale reactors operate with 
quasiisothermal profiles such as the  
profile shown in Figure 2. In  this 
example temperature drops rapidly 
in the inlet end of the bed because 
the  reaction absorbs heat faster 
than it can be supplied through the 
reactor walls. This situation is re- 
versed as the reaction slows down, 
and temperature rises in the exit 
end of the bed. Changes in feed 
composition, reaction conditions, 
size and location of reactor heat- 
ers, and dilution of the catalyst 
bed with inert material obviously 
make a wide variety of tempera- 
tu re  profiles possible. 

Researchers are  thus confronted 
with the problem of comparing 
experiments performed in reactors 
that  have widely different tem- 
perature profiles. Direct compari- 
son is possible only if each tem- 
perature profile can be expressed 
by a single equivalent temperature 
-the equivalent isothermal tem- 

perature. This important concept 
of equivalent temperature has been 
recognized but rarely used. Previ- 
ous authors ( I , , ? )  developed alge- 
braic solutions for  the equivalent 
temperature for  eases i n  which 
temperature can be related alge- 
braically to  reaction time or to 
distance through the catalyst bed. 
However, these solutions are  com- 
plex. Calculating equivalent tem- 
perature fo r  anything more than 
a handful of experiments is so 
t ime consuming tha t  the concept 
has been little used. This paper 
presents a simple method for cal- 
culating equivalent temperatures 
that can be readily applied to a 
large number of experiments. 

EQUIVALENT ISONTHERMAL 
TEMPERATURE 
A reaction-rate equation can 

usually be expressed in the follow- 
ing form: 

where the effect of temperature on 
reaction ra te  is contained in the 
ra te  eonstant k. Conversion is ob- 
tained by integrating Equation 
(1) : 

For  any nonisothermal reactor, 
Equation ( 2 )  shows that  the effect 
of temperature is given by the 
average rate constant. The equiva- 
lent isothermal temperature is the 
temperature that  corresponds to  
this average rate constant; i t  is 
the temperature at which an equiv- 
alent isothermal reactor would give 
the same conversion as the noniso- 
thermal reactor. 

To average rate constants the 
relation between temperature and 
rate constant must first de- 
termined by a kinetic study. This 
relation is usually expressed by 
the Arhennius equation 

(3) 
- A E / R T  k = Ae 

If radial temperature gradients are 

ignored, the average rate constant 
in the catalyst bed is 

k,,,. = b" kds (4 
where s is the fractional distance 
through the bed. Equivalent iso- 
thermal temperature is obtained by 
substituting k,, into Equation (3) .  
To determine the equivalent tem- 
perature for  the profile shown in 
Figure 2,  for example, the profile 
is replotted in  terrps of ra te  con- 
stant and fractional bed length, as 
shown in Figure 3.  The average 
rate constant is obtained by in- 
tegration and is equal to  the area 
under the curve. Equivalent tem- 
perature is obtained from the 
average rate constant and Equa- 
tion ( 3 ) .  

Equivalent temperatures have 
seldom been used because of the 
labor and time involved in this 
integration. In its place a simple 
arithmetic average temperature, or 
some other arbitrary temperature 
-such as that of the inlet, outlet, 
or an intermediate point in the bed 
or reactor wall-is often used. 
Such temperatures are  usually poor 
substitutes for the true equivalent 
temperature. They lead to incon- 
sistent correlations, particularly 
when changes in conversion, space 
velocity, pressure, feed stock, etc., 
cause changes in the temperature 
profile. 

SIMPLIFIED INTEGRATION 
METHOD 
Integrating Irate-constant profiles 

is greatly simplified by a technique 
devised by Gauss ( 3 ) .  The method 
integrates exactly a polynomial of 
degree 2n-1 from n predetermined 
ordinates in the icnterval of in- 
tegration. To apply the method to 
averaging reaction-rate constants, 
it is necessary only to determine 
how high the degree of the poly- 
nomial must be to describe with 
fa i r  accuracy the relation between 
rate constant and bed length. For  
temperature profiles of the type 
shown in Figure 2, a seventh-de- 
gree polynomial is adequate, and a 
four-point integration applies : 
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Fig. 1. Temperature profile in a multireactor system. 

where k,,,,, is the value of k at a 
point 7% of the distance through 
the bed, etc. 

The constants of the polynomial 
need not be evaluated; i t  is neces- 
sary only to ensure that the degree 
is high enough to represent ade- 
quately the relation between k and 
position in the bed. This require- 
ment is easily checked by progres- 
sively increasing the number of 
points used in the method until the  
result agrees with a careful graphi- 
cal integration. 

Calculation of equivalent iso- 
thermal temperature by this sim- 
ple procedure is illustrated by an  
example from the Ultraforming 
process. The average activation 
energy for the predominant reac- 
tions has been established in kinetic 
studies as 96,000 B.t.u./mole. This 
value fixes the relation between 
temperature and reaction-rate con- 
stant. To calculate the equivalent 

isothermal temperature for  the 
temperature profile shown in Fig- 
ure 2, the k 's  are determined at 
the four points required by Equa- 
tion (5 ) .  Substituting these k's 
into Equation (5)  gives an equiva- 
lent isothermal temperature of 
915"F., which agrees exactly with 
a careful graphical integration. A 
two- and a three-point integration 
of this profile would have given 
temperatures of 920" and 91'7°F. 
respectively. If the four-point in- 
tegration had not agreed with the 
graphical integration, one could 
either use more points o r  divide 
the catalyst bed into two sections 
and apply Gauss's method to each 
section. 

When a large number of equiva- 
lent temperatures are to be calcu- 
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Fig. 2.  Temperature profile in a quasiisothermal reactor. 
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Fig. 3. Rate constant profiIe in a quasiisothermal reactor. 

lated, the procedure can be simpli- 
fied even further by a nomographic 
solution of Equation ( 5 ) .  The 
nomograph is graduated directly 
in temperature rather than k. With 
such a nomograph, equivalent iso- 
thermal temperature can be calcu- 
lated on a routine basis in about 
a minute. 

APPLICATION TO COlMPLEX 
SYSTEMS 
In systems involving simultane- 

ous reactions an exact definition 
of equivalent isothermal tempera- 
ture is not generally possible be- 
cause the individual reactions have 
different activation energies. For 
these systems equivalent tempera- 
ture is an approximation of the 
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influence of temperature on me 
several reactions. The degree to 
which equivalent temperature meas- 
ures the temperature effect depends 
on the number of major reactions, 
and the difference between their 
activation energies. By suitable 
choice of AE, the equivalent tem- 
perature can be made to approxi- 
mate quite closely the over-all tem- 
perature effect. 

Although the number of simul- 
taneous reactions involved in a 
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lent temperature to be insensitive 
to AE. Hence, even in the absence 
of accurate kinetic data, reliable 
equivalent temperatures can still 
be calculated from approximate 
values of AE. 

The only problem radial gradi- 
ents introduce is determining k 
a t  the points along the axis of the 
reactor required by Equation ( 5 ) .  
For a cylindrical reactor of radius 
R in which the radial gradient is 
symmetrical, kavg for  an element of 

Fig. 4. Effect of activation energy on equivalent isothermal temperature. 

given system may be large, it will 
almost always be true that only 
one or two control conversion, yield, 
or product quality. This is particu- 
larly true if conversion is high. By 
using the average AE of the con- 
trolling reactions, the equivalent. 
+emperahre becomes a close meas- 
ure of the over-all temperature 
effect. 

If different reactions control in 
different operating ranges, one 
should use the appropriate AE in  
each range. Equivalent tempera- 
t u r e  is not sensitive to AE, how- 
ever, and unless the controlling re- 
actions have widely different AE's 
use of a single value over the 
whole range is justified. Figure 4 
shows the small change for the 
profile shown in Figure 2 as AE 
varies from 30,000 to 120,000 B.t.u. 
/mole. Between 60,000 and 120,000 
B.t.u./mole, equivalent temperature 
changed only 0.7"F. 10,000 B.t.u./ 
mole change in A E .  The solution 
for  equivalent temperature involves 
raising e--1/IZT for  each increment 
of the bed to the AE power and 
taking the AE root of the sum. 
Raising the individuals to the AE 
power and extracting the same 
power from the sum causes equiva- 

catalyst perpendicular to  the axis 
of the reactor is 

where r is the distance along the 
radius. Gauss's method may also 
be used for  this integration. The 
value of the group krlR is needed 
a t  n points along the radius. Again, 
the number of points needed de- 
pends on the complexity of the 
radial gradient. Values of kUys are  
determined for the positions in the 
bed required by Equation ( 5 ) .  The 
average rate constant for  the en- 
t ire bed is then calculated as be- 
fore. 

When a reaction is carried out 
in a series of catalyst beds, dis- 
continuities in the temperature 
profile occur and the relation be- 
tween rate  constant and position 
in the bed cannot be represented 
by a single polynomial. The three- 
bed profile of Figure 1 is an ex- 
ample. In this case an average k 
must be computed for each bed. 
Equivalent temperature corre- 
sponds to an average of the Ids for 

the individual beds, weighted ac- 
cording to the amount of catalyst 
in each bed. 

TEST OF THE METHOD 
Different reactors give the same 

product when they are operated 
under the same reaction conditions. 
If reactors having different tem- 
perature profiles are made to yield 
the same product under otherwise 
identical Conditions, then their 
equivalent isothermal temperatures 
must be equal. This fact serves as 
a test of the method. Ultraforming 
reactors with temperature profiles 
shown in Figures 1 and 2 have 
been operated with aliquots of the 
same catalyst to give identical 
products, The equivalent isothermal 
temperatures calculated f o r  two 
such tests are  

Quasi- 
Adiabatic isothermal 
multibed one bed 

Test A 912°F. 911'F. 
Test B 912°F. 908'F. 

The good agreement between the 
calculated temperatures shows tha t  
equivalent isothermal temperature 
is a valid measure for  comparing 
catalyst beds having widely dif- 
ferent temperature profiles. Fur- 
thermore, because the Ultraform- 
ing process involves a number of 
simultaneous reactions, these tests 
also demonstrate that  the concept 
of equivalent temperature can be 
useful in complex reaction systems. 

NOTATION 
A = constant 
AE = activation energy 
L = length of catalyst bed 
R = g a s  law constant, radius of 

T = absolute temperature 
V = volume 
k = reaction-rate constant 

nA = moles of component A 
1' = distance along radius from 

axis of reactor 
s = fractional distance through 

catalyst bed 
8 = reaction time 

catalyst bed 

@(p,,p, . . .) = function of partial 
pressures of components A, 
B, .. 
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